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WEDGE DECOMPOSITION OF POLYHEDRAL PRODUCTS 

KOUYEMON IRIYE AND DAISUKE KISHIMOTO 



O 

^S| I Abstract. We prove that certain polyhedral products, including the moment-angle com- 

5^ . plexes, for the Alexander duals of shellable and sequentially Cohen-Macaulay complexes de- 

Oh' compose into wedges of explicitly given suspension spaces, which implies the properties of the 

■^ . Stanley-Reisner rings, known as Golod, of theses complexes. 

I — \' 1. Introduction 

H 

^ ■ The polyhedral product Zx(2L^A) is a space constructed from a simplicial complex K on the 

r^ ' index set [m] = {1, . . . ,m}, possibly with ghost vertices (i.e. elements of [m] which are not 
c^ ' vertices), and a collection of pairs of spaces {2^, A) = {{Xi, Ai)}^^. Polyhedral products for 
special simplicial complexes and pairs of spaces were first found in the work of Porter [P] on 
higher Whitehead products. Since then, they have been studied by many topologists. After 
►^ a seminal work of Davis and Januszkiewicz [DJ] on quasitoric manifolds, the polyhedral prod- 
CN ■ ucts Zk{CP_°°, *) and 2k{D^,S}), called the Davis- Januszkiewicz space and the moment- angle 
^ • complex for K respectively, have been gathering attention in connection with toric topology, 
'Nh ■ where (CP°°, *) and {D^,S}) are m copies of pairs (CP°°, *) and {D"^, S^), respectively. In this 
^ ■ paper, we attempt to deduce some properties of algebras concerning simplicial complexes from 
cn ' homotopical properties of polyhedral products. 

One of the most important algebras constructed from a simplicial complex K with no ghost 
vertices is the Stanley-Reisner ring which is defined as 



k[K]=k[vi,...,Vm]/X 



K, 



where k is a commutative ring, the degree of Vi is 2 and Ik is the ideal generated by monomials 
Vi-^ ■ ■ ■ Vi^ for {zi, . . . , Zfc} ^ K. By definition, the cohomology of the Davis- Januszkiewicz space 
for K is identified with the Stanley-Reisner ring of K. Using this identification, Buchstaber 
and Panov [BP] proved that the cohomology of the moment-angle complex for K is identified 
with the Tor-algebra Torii£[„j^...^„^](k[A'], k). We aim at proving some algebraic properties of this 
Tor-algebra can be deduced from much stronger homotopical properties of polyhedral products. 
Let us recall properties of the Tor-algebra Tork[,„^^...^^„](k[A],k). Its graded module structure 
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was determined by Hochster [H] so that there is an isomorphism of graded modules 

(1.1) Tork[,,,.,.,,„,](k[A'],k) ^ H*{Kr,k), 

IC[m] 

where Kj stands for the induced subcomplex of K on the subset / C [m]. In fact, this purely 
algebraic result is a consequence of the decomposition of a suspension of a polyhedral product 
which is due to Bahri, Bendersky, Cohen and Gitler [BBCG]. To state this decomposition, 
we set notation. Let \K\ be the geometric realization of K and let T,K be the (unreduced) 
suspension of K which is the join of K and the simplicial complex consisting of discrete two 
points p, q, where the basepoint of \T,K\ is chosen to be the vertex p. For a collection of spaces 
{-^ililLi and a subset / C [m], let X^ = /\^^j Xi, where we conventionally assume X^ is a single 
point if J = 0. We also let {CX,X) be a collection {{CXuXi)}"^^. 

Theorem 1.1. Let K be a simplicial complex on the index set [m], possibly with ghost ver- 
tices, and let X_ = {Xi}^-^ be a collection of connected CW-complexes. There is a homotopy 
equivalence 

^Zk{CX,X) ~ S V |SJi| AX^. 

I elm] 

The congruence (1.1) can be deduced by putting Xi = S^ in Theorem 1.1. Let us next 
consider the ring structure of Tori5;[^,j^...^„^](k[_ft'],k). The simplest case is that all products and 
(higher) Massey products in Tork[„^^...^„^](k[K],k) are trivial. In such a case, K is called Golod, 
where the name comes from the work of Golod [G] who proved that Golodness is equivalent to 
a certain equality among the Poincare series of algebras related with k[K]. This special class 
of simplicial complexes has been extensively studied, especially in connection with shellability 
(cf. [B, HRW]). Shellability is a criterion for pure complexes being Gohen-Macauly, which 
was generalized to the non-pure case [BW] and to a wider class of simplicial complexes called 
sequentially Gohen-Macaulay complexes [BWW]. The definition of shellable and sequentially 
Cohen-Macaulay complexes will be given in the following sections. At the moment, we only note 
the property that shellable complexes are sequentially Gohen-Macaulay. In [BW], two special 
classes of shellable complexes were introduced; shifted and vertex-decomposable complexes. It 
was proved in [BW] that shifted complexes are vertex-decomposable. Summarizing, there are 
implications: 

(1.2) shifted =^ vertex-decomposable =^ shellable =^ sequentially Gohen-Macaulay 

As for Golodness, it was shown in [HRW] that the Alexander duals of sequentially Gohen- 
Macaulay complexes are Golod, hence the Alexander duals of all complexes in (1.2) are also. 
As the Hochster's isomorphism (1.1) is deduced from a much stronger homotopical property 
of polyhedral products (Theorem 1.1), we might expect that Golodness of the Alexander duals 
of complexes in (1.2) can also be deduced from a stronger homotopical property of polyhedral 
products. There are some results confirming this expectation. Grbic and Theriault [GT] proved 
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that the moment-angle complex for a shifted complex has the homotopy type of a wedge of 
spheres. This result was generalized to the polyhedral product Zk{CX_, X) by the authors [IK], 
i.e. the homotopy equivalence of Theorem 1.1 desuspends if K is shifted. We here notice that 
the Alexander dual of a shifted complex is shifted. Recently, by a noble use of discrete Morse 
theory, Grujic and Welker [GW] proved if K is the Alexander dual of a vertex-decomposable 
complex, the polyhedral product Zk{D_"',S^~^) has the homotopy type of a wedge of spheres 
for n > 2. Then in these cases, Golodness can be deduced from a homotopical property of 
polyhedral products. By the implications (1.2), our next step should be to show that Golodness 
of the Alexander duals of shellable and sequentially Gohen-Macaulay complexes can be deduced 
from polyhedral products. We will prove: 

Theorem 1.2. Let K be a simplicial complex on the index set [m\ with no ghost vertex and 
let X_ = {Xj}™ ^ be a collection of connected CW- complexes. If the Alexander dual of K is 
shellable, there is a homotopy equivalence 

I elm] 

Theorem 1.3. Let K and X. be as in Theorem 1.2. If the Alexander dual of K is sequentially 
Cohen-Macaulay and each Xi is finite, there is a homotopy equivalence 

Zk{CX,X)^ \I \'ZKi\AX^. 

Corollary 1.4. If the Alexander dual of K is sequentially Cohen-Macaulay (including shellable), 
the moment-angle complex for K has the homotopy type of a wedge of spheres. 

Remark 1.5. For sequentially Cohen-Macaulay complexes, we will be able only to prove the 
p-local version of Theorem 1.2. In deducing the integral decomposition from this, we need the 
finiteness assumption in Theorem 1.3. 

Corollary 1.4 readily implies the above mentioned result of Herzog, Reiner and Welker [HRW]. 

Corollary 1.6. The Alexander duals of sequentially Cohen-Macaulay complexes are Golod. 

The paper is organized as follows. In section 2, we review the result of Bahri, Bendersky, 
Cohen and Gitler [BBCG] on a wedge decomposition of polyhedral products and consider its 
naturality which will be needed below. In section 3, we introduce a new class of simplicial 
complexes called extractible by a recursive condition on deletions of vertices, which abstracts 
a necessary condition to yield a wedge decomposition of polyhedral products for the Alexan- 
der duals of shellable and sequentially Cohen-Macaulay complexes. Then we prove a wedge 
decomposition of polyhedral products for extractible complexes. In section 4, we show that 
the Alexander duals of shellable complexes are extractible by analyzing the Alexander dual 
of subcomplexes of shellable complexes obtained by removing homotopically redundant facets, 
and then we prove Theorem 1.2. In section 5, we prove extractibility of the Alexander duals of 
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sequentially Cohen-Macaulay complexes by the homological analogue of the method employed 
in section 4. As in Remark 1.5, we can only show extractibility of the Alexander duals of 
sequentially Cohen-Macaulay complexes over the local ring Z(p), so we integrate the p- local 
information to get Theorem 1.3 by using the result of McGibbon [M] on the localization genus 
(or the Mislin genus). 

2. Review of the result of Bahri, Bendersky, Cohen and Gitler 

Hereafter, we assume that spaces have non-degenerate basepoints and maps between spaces 
preserve basepoints. We also assume that the empty set is a simplex of a simplicial complex. 

Let us first define polyhedral products. Let K he a. simplicial complex on the index set [m], 
possibly with ghost vertices, and let {2^, A) be a collection of pairs of spaces {{Xi, Aj)}™^ For 
a simplex a E K, put 

(2.1) (X, Ay = YiX---x Y^, where Y, = 

The polyhedral product Zk{2^,A) is defined as 

Zk{X,A)= \J{X,Ar, 

where the unions taken in YYh=i -^i- Let us consider natural maps between polyhedral products. 
For a subcomplex L C K and a collection of maps between pairs of spaces f = {fi : {Xi, Ai) — )■ 
{Yi, Bi)}Zi with {Y,B) = {(F^, Bi)}Zi, there are induced maps 

Zl{X,A)^Zk{X,A) and £: Zk{X,A) ^ Zk{Y,B). 

For a subset / C [m], let {2^j,Aj) be a subcoUection {(Xj, Ai)}i^j of (X, A). By definition, the 
projection YYiLi -^i ~^ Yli^^i -^i restricts to a map 

TTi : Zk{X,A) ^ ZKAKI,AI)■ 
Iieplacing the direct product in (2.1) with the smash product, we can also define the smash 
product analogue of Zk{2^,A) which we denote by Zk{^,A). For a subcomplex L C K and 
a map / : (X , A) — )■ (F , B_) , there are also induced maps 

ZLiX,A)^ZK{X,A) and £: Zk{X,A) ^ Zk{Y,B). 
The pinch map YYi^i -^i ~^ Nd=i -^i restricts to a map 

Pi-ZKiX,A)^ZK{X,A). 
Let V : SX — )■ SX V SX be the suspension comultiplication and let Vn be the composite 

sx^sxvsxi^...i^^^^^sxv---vsx 



n 
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for n > 2. Let Ji < ■ ■ ■ < /2m C [m] be the lexicographic order on the power set of [m]. We 
now define the map 

eK = (S(p,, o TTjJ V ■ ■ ■ V S(p,^„ o 7r,^„)) o V2™ : T.Zk{X,A) ^ T. \J Zk,{Xi.Ai)- 

Generahzing the standard decomposition E(X x F) ^ SX VSF VS(X AF), i.e. the composite 

3 

(2.2) E(X X F) ^ Y E(X X F) ^ SX V EF V S(X A F), 

Bahri, Bendersky, Cohen and Gitler [BBCG] proved: 

Theorem 2.1. The map ix is a homotopy equivalence if each {Xi, Ai) is a connected CW-pair. 

Remark 2.2. Notice that ex is defined by using the lexicographic order on the power set of 
[m] . If we apply an alternative order on the power set of [m] , we get an alternative homotopy 
equivalence. However we easily see that these homotopy equivalences become homotopic after 
a suspension by the cocommutativity of a double suspension. 

From now on, we fix a collection of spaces X. = {Xi}^i and specialize polyhedral products 
and related spaces to the collection (CX, X). Then it is useful to put for / C [m], 

Zj, = Zk^{CXj,Xj), Zj, = ZkACXj,Xj) and W'j, = \J \^Kj\ A X"^. 

Jci 
Using (pointed) homotopy colimits, it is proved in [ZZ] that there is a homotopy equivalence 

Wi:ZJ^^ |S/i/| AX^. 

Putting 

(2.3) ex = (( V S^/) ° ^^r' : SW]^' ^ SZ|"^ 

IC[m] 

we get a homotopy equivalence of Theorem 1.1. Let us consider the case that ex desuspends. 
If Zk{2^,A) is a co-H-space, the map V2™ in the definition of ix desuspends, i.e. there is a 
map -2x(X, y4) — 7- V' 2k{^,A) "whose suspension is homotopic to V2"i- Then, in particular, 
we have: 

Proposition 2.3. If Z^ is a co-H-space, ex desuspends. 

Let us consider the naturality of ex- We start with the map ex- By definition, ex has the 
naturality such that for a subcomplex L G K and a map / : (X, A) — ;■ (F, 5), there are 
homotopy commutative squares 
(2.4) 

EZl (X, A) ^^ S V,cH ^^^ (^/' ^/) ^^d ^^^(^' ^) ^^ S V/cM ^L, (X„ A,) 

incl incl / ^lclm]Li 

EZx{X,A)^^j:y,^^^^Zx,{Xj,Aj) ^Zx{Y,B)^^^yicH^xAyi^B,) 
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where / is a subcollection of / corresponding to /. If t; is a ghost vertex of K, by the same 
reason as Remark 2.2, the following square becomes homotopy commutative after a suspension. 



(2.5) 



T.Zk{X,A) 



<^K 



'^{ZK{X_^m]\v^ A[rn]\v) ^ ^v) 



T.ZK{X.[m]\v^A[rn]\v) ^ Sy4„ V T.{Z k {X.[rn]\v ^ A[m]\v) ^ "^v) 



where S is the composite (2.2). We next consider the naturality of wj. By definition, wj has the 
naturality analogous to (2.4). Moreover, if f G [m] is a ghost vertex of K, there is a homotopy 
commutative diagram 



(2.6) 



ZP^'^AX, 



Z 



K 



ra[m]\uAl 



{\LK\ A XH\'') A X„ = \i:K\ A XH. 

We here record the naturality of e^ which will be used below. Let 5 : EX x y — )■ EXV (EX AF) 
be a homotopy equivalence defined as the composite 

(2.7) EX X F ^ (EX X F) V (EX x F) ^ EX V (EX A F), 

where V is the suspension comultiplication. 

Proposition 2.4. For a subcomplex L G K and a subset / C [m], there are homotopy commu- 
tative diagrams 



>VH J^W^. 



™1 and Wl J^wt™ 



^[m] incl ^[m\ 



Ki 



K 



J incl ^ [m] 



•'fc/ 



■'K 



Moreover, if v & [m\ is a ghost vertex of K , the following diagram becomes homotopy commu- 
tative after a suspension. 

swP -^ j:w^p\^ V E(>vJri\'^ A X,) -^ j:wP^'' x x. 



EZ 



K 



E{Zp^\' X X„) 



proj 



exxil 



-^ EZJ^l^^' X X, 



WEDGE DECOMPOSITION OF POLYHEDRAL PRODUCTS 7 

Proof. The first two squares follow from the combination of (2.4) and its analogue for vok. 
Consider the following diagram. 

S V,cM ^/< — ' ^ V/cM % ^^^ S V.cMV" ^K X ^. 

-1 

The upper diagram is homotopy commutative by (2.6) and the lower square becomes homotopy 
commutative after a suspension by (2.5). Therefore by the definition of ex, we obtain the third 
naturality. D 

We close this section by evaluating the connectivity of Z^^' . 

Proposition 2.5. // K has no ghost vertex and each Xi is path-connected, Z^ is simply 
connected. 

Proof. For a subset / C [m], we write the simplicial complex on the index [m] consisting of 
discrete vertices in / ambiguously by /. For a simplex a G -ft', we put 

D{a)=zlZlu{CX,Xr. 

As in [P] (cf. [IK]), Zl^! is simply connected, hence so is D(a) by the van Kampen theorem. 

By definition, we have Z^ = [JpD{F), where F ranges over all facets of K. We prove 
the proposition by induction on the number of facets of K. If K has only one facet, K is 
a simplex, implying that ZjJ^ is contractible hence simply connected, li K = [m], Z^ is 
simply connected as above. Then we may assume there is a facet F with dimF > 1, that is, 
K\F has no ghost vertex. By the induction hypothesis, Z^^J^ is simply connected. Thus since 
Z^}p n -D(cr) is path-connected and D(F) is simply connected, the result follows from the van 
Kampen theorem. D 

Corollary 2.6. // Zj^ is a co-H-space and each Xi is a connected CW-complex, there is a 
homotopy equivalence 

^K — '^^K ■ 

Proof. By Proposition 1.1, the map of Proposition 2.3 induces an isomorphism in homology. 
Thus the proof is completed by Proposition 2.5 and the J.H.C. Whitehead theorem. D 
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3. EXTRACTIBLE COMPLEXES 

We first set notation for simplicial complexes. Let K he a. simplicial complex on tlie index 
set [m], possibly witli gliost vertices. Tlie link, the star and the deletion of a simplex a E K is 
defined respectively as 

Ik^(cr) = {t e K\aUT e K, a n r = 0}, 

st^(cr) = {reK\aUre K}, 

dl^(a) = {r Gi^la^r}. 

The Alexander dual of K is defined as 

K"" = {aC [m],\[m]\a^K}. 

Since Alexander duals depend on index sets, we must be careful for them. 
We now introduce extractible complexes. 

Definition 3.1. A simplicial complex K with no ghost vertex is called extractible over k if 

(1) K consists of a single simplex or dli^(w) is a simplex for some vertex v, or 

(2) dlx(w) is extractible over k for any vertex v and there is a map \T,K\ — )■ Vj;gM l^'il/^l^)! 
satisfying that the composite with the wedge of inclusions 

|SK| -^ Y |sdii^(t')| -^ \j:k\ 

ti6[m] 

induces the identity map in homology with k coefficient. 

If K is extractible over the ring of integers Z, we simply say K is extractible. We prove a 
wedge decomposition of polyhedral products for extractible complexes. 

Theorem 3.2. Let K he an extractible complex over k on the index set [m]. There is a map 

inducing the same map as ex of (2.3) in homology with k coefficient. 

Proof. Induct on ??7,. If m = 1, both Wj^ and Zj^ are contractible, hence the constant map is 
the desired ex- Suppose we have proved the case m — 1 and then consider the case m. Suppose 
dlft:(t;) is a simplex for some vertex v. Consider the pushout 

/'q 1 \ p-M , p-M 



induced from the corresponding pushout of simplicial complexes, where arrows are inclusions. 
Note that 
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Include the pushout 



X.,, 



X,, 



^CX^ 



^cx^ 



into (3.1) and take the cofiber of each corner. Then we get a pushout 



(3.2) 






z^:?^t. X X, 



4Z 



rn\\v 



XCX„ 



"dlxW 



z^P/cx, 



■ [m] \v 



Since dlx(f) is a simplex by assumption, Z^^ ). = Y[i£\m]\v^-^v which is contractible, hence 
so is Z^)\ X Xy. Then it follows from (3.2) that there is a homotopy equivalence Z'^' /CXi, ~ 



EfZ 



[m]\v 



A X,), so Zi 



^■^y_ / ^ IS y^v), ow -^^ has the homotopy type of a suspension. Thus by Corollary 2.6, we 
obtain the desired result. 

Suppose next that dlx('y) is extractible over k for any vertex v and there is a map s : \^K\ — )■ 
\/ve[m\ l^dl/v-(w)| satisfying that the composite with the wedge of inclusions 

\EK\ 4 Y \^d\K{v)\ -^ \j:k\ 

VS:['m] 

induces the identity map in homology with k coefficient. By the induction hypothesis, there is a 
map ediK(«) • ^di (u) ~^ ^di m with the desired property for any v G [m]. Then by Proposition 
2.4, the composite 



V ieKjIax'^ V w, 



l]\v \/velrn]'^dljf{v) 



dlliiv) 



V^, 



[m]\-u 
'dlK(t>) 



^Z 



E" 



/C[m] i)£[m] t)£[m] 

induces the same map as ex in homology with k coefficient on the wedge summand V/cfmi l^-^/l^ 
X^ of W]^ , where the last arrow is the wedge of inclusions. We here notice that there are 
many choices for the first arrow but any choice will do. Now our remaining task is to construct 
a map \^K\ A X^"*! — )■ Zj^ which induces the same map as the restriction of ex in homology 
with k coefficient. Define a map 6y as the composite 



\EdlK(v)\AX 









where 5 is as in (2.7) and the last arrow is the homotopy inverse of the projection Z^ 
Zj^ /CXy. By Proposition 2.4, we see that S^^ is homotopic to 



S|SdlK(t;)| AXl" 



^ SWr ^ SZJ^ 
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Thus the composite 

is the desired map, and therefore the proof is completed. D 

Corollary 3.3. If K is an extractible complex on the index set [m] and each Xj is a connected 
CW-complex, there is a homotopy equivalence 

Proof. Combine Proposition 2.5, Theorem 3.2 and the J.H.C. Whitehead theorem. D 

4. Shellable complexes 

In this section, we prove that the Alexander duals of shellable complexes are extractible, 
which implies a wedge decomposition of polyhedral products for the Alexander dual of shellable 
complexes. 

First of all, let us recall the definition of shellable complexes. 

Definition 4.1. A simplicial complex K is called shellable if its facets are ordered a.s Fi, . . . ,Ft 
in such a way that the subcomplex (IJi=i ^i) ^ ^k is pure and (dimFfc — l)-dimensional for 
k = 2, . . . ,t. Such an order Fi, . . . ,Ft is called a shelling of K. 

We prepare two simple lemmas. 

Lemma 4.2. If a simplicial complex K is collapsible, \K'^\ is contractible. 

Proof. If a G -ftT is a free face of K and t & K satisfies a G t and dimr = dimcr + 1, then it is 
straightforward to see that r^ = [m] \ r is a free face of (Ji \ {a, r})^ and cr"^ = [m] \ a G {K \ 
{a, T}y satisfies t^ C a^ and dima^ = dimr^ + 1. Then since (A"\ {a, r})^ = K"^ U {a^ , r^}, 
if K is collapsible, |i^^| has the homotopy type of a simplex which is contractible. D 

Lemma 4.3. Let K be a simplicial complex on the index set [m] and choose the index set of 
Ikx('y) to be [m] \v. Then 

Proof. By definition, we have 

IkKivY = {a(l[m]\v\ (([m] \v)\a)Uv^K} = {aC. [m] \v\[m]\a ^ K} = <1\k^{v). 

D 

We now prove the main result of this section. Given a shelling Fi, . . . , Ft of if, Fk is called a 
spanning facet if the boundary of F^ is contained in [JiJi ^i- I^ is easy to see that if Fj^, . . . , Fi^ 
are all spanning facets, K \ {Fj^, . . . , Fj^.} is collapsible. 

Proposition 4.4. // K has no ghost vertex and K^ is shellable, K is extractible. 
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Proof. The proof is done by induction on m, where we put the index set of K to be [m]. The 
case m = 1 is trivial. Assuming the case m — 1, we prove the case m. By Lemma 4.3, we 
have dlA-(f) = lkA'v(t>)'^. In [BW], it is shown that Ikxv(f) is shellable, so dli^(w) is extractible 
by the induction hypothesis. Let Fi, . . . ,Ft be a sheUing of K"^ and let F^v be the set of all 
spanning facets of K"^ with respect to this shelling. Put Ai^-v = K"^ \ IJ^gp ^ F. Since each 
F G Tk'j is a minimal non-face of A/^v , we have 

(4.1) (A^v)^ = J^^U U F\ 

Fer^v 

where F^ = [m] \F. Since A^^v is collapsible, |(A/^v)^| is contractible by Lemma 4.2, and then 

|SX|~|(A^v)^|/|J^|= Y 5l^'l= V ^—1^1. 

Let Fjj^, . . . , Fj^ be all facets of K"^ such that i; G Fj. and ji < ■ ■ ■ < ji- Then Fj-^\v, . . . , Fj^ \ v 
is a shelling of lkxv(?;), and with this shelling, rik^y(^) = {F \ t> | F G F^v, w G F}. Choose 
the index set of lk/<v(t;) to be [m] \ v and identify lki^v(t>)^ with dli^(?;) by Lemma 4.3. Then 
by (4.1), we have the inclusion Aik^,v(.„) — )■ Ai^v whose Alexander dual (Aik^y(^))^ ^> (A^v)^ 
is the union of the inclusion l : dli^(f ) — )■ K and the identity map {[m] \ v) \{F\v) — )■ [m] \ F 
for F G F^v with t; G F. Then it induces a map 

(4.2) |(A,k,..(.))"|/|dW(.;)H|(AA-v)V|/|i^| 
which is identified with the inclusion 



(4.3) V ^"^-1^1 ^ y S 



m-\F\ 



v£F 



Consider the homotopy commutative diagram of homotopy cofiber sequences 

\d\K{v)\ > |(Aik,,v(.))''l > |(Aik,,(,))^|/|dl^(tOI > \m\K{v) 



kl 



Sil 



\K\ > li^K^ri > |(A,^v)V|/|j^| > \j:k\. 

Since |(Aik^.v(j,))^| and |(Axv)^| are contractible, the right horizontal arrows are homotopy 
equivalences, so |St| is identified with the inclusion (4.2) hence with(4.3). Now it is easy to 
construct the desired map s and therefore the proof is completed. D 

Proof of Theorem 1.2. Combine Corollary 3.3 and Proposition 4.4. D 

Remark 4.5. In the proof of Theorem 4.4, we have actually proved that iSii^/l has the homotopy 
type of a wedge of spheres for any / C [m]. Then Corollary 1.4 for the Alexander duals of 
shellable complexes follows from Theorem 1.2. 
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5. Sequentially Cohen-Macaulay complexes 

In this section, we prove that the Alexander dual of sequentially Cohen-Macaulay complexes 
are extractible over Z(p) for any prime p, which implies the p-local version of Theorem 1.2 for 
the Alexander dual of sequentially Cohen-Macaulay complexes. From this, we deduce Theorem 
1.3 and Corollary 1.4 by applying the result of McGibbon [M] on the localization genus (or the 
Mislin genus). 

Let us recall from [BWW] the definition of sequentially Cohen-Macaulay complexes. A space 
X is called n-acyclic over k if Hi{X; k) = for i < n. If n = oo, we simply say X is acyclic 
over k. For a simplicial complex K, let K^'^'^ denote the subcomplex of K generated by facets 
of dimension > i. 

Definition 5.1. Let K he & simplicial complex. 

(1) K is called sequentially acyclic over k if /f^*^ is (z — l)-acyclic over k for any i. 

(2) K is called sequentially Cohen-Macaulay over k if lk;^((T) is sequentially acyclic over k 
for any simplex a & K, where a can be 0, or equivalently K itself is sequentially acyclic 
over k. 

As well as extractible complexes, if K is sequential Cohen-Macaulay over Z, we simply say 
that K is sequentially Cohen-Macaulay. By definition, if K is sequentially Cohen-Macaulay 
over k, so is Ikj^(w) for any vertex v. We record an immediate consequence from this together 
with Lemma 4.3. 

Lemma 5.2. Let K be a simplicial complex on the index set [m] and choose the index set of 
dli^(f) to be [m] \v. If K^ is sequentially Cohen-Macaulay over'k, so is dlj^(f)^. 

The following simple lemma will be useful. 

Lemma 5.3. Let K be a simplicial complex with Hi{K^'^^^'']W) = 0. Then any i-cycle over k 
which is not a boundary involves a facet of dimension i. 

Proof. Let x be an i-cycle over k. If x involves no facet, it is a cycle of i^^*+^^ over k. Then 
since Hi(K^''~^^'; k) = 0, a: is a boundary, completing the proof. D 

This lemma readily implies that if K is sequential Cohen-Macaulay over k, H^,{K;k.) is a 
free k-module. Let us further observe the homology of sequential Cohen-Macaulay complexes 
over k. For a chain x = ^ Ojaj of a simplicial complex K [oj G k, aj G K) and a vertex v, let 

Proposition 5.4. // a cycle x of a simplicial complex K involves a facet F with v E F, dxy is 
a cycle of lkx{v) which involves a facet F\v of\kx{v) and is not a boundary. 

Proof. Consider the Mayer- Vietoris exact sequence 

> H,{\kK{v)- k) ^ H,{d\K{vy, k) H,{stK{v)- k) ^ H,{K- k) % if,_i(lk^(i;); k) ^ ■ ■ ■ . 
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By a straightforward calculation, d^:[x] is represented by dx^. Notice that if a cycle involves 
a facet, it is not a boundary. By definition, dxy involves a facet F \v, therefore it is not a 
boundary, completing the proof. D 

We now want to prove that the Alexander duals of sequentially Cohen- Macaulay complexes 
over Z(p) are extractible over Z(p), but sequentially Cohen-Macaulay complexes are characterized 
by homology, not by facets, so we do not have the notion of spanning facets for sequentially 
Cohen-Macaulay complexes in general, which played the central role in the proof of Proposition 
4.4. We then generalize the notion of spanning facets in a homological setting. Let K he a 
simplicial complex. Facets Fi, . . . ,Fr of a simplicial complex K are called spanning facets over 
kif 

(1) Ak = K \ {Fi, . . . , Fr} is acyclic over k. 

(2) The boundary of F^ is in A^ for all i. 

Let us recall the splitting of a suspension. For a space X, we choose one vertex from each 
path-component of X in such a way that the basepoint of X is involved. Let V be the set of 
these points. Then the homotopy cofiber sequence T,V — )■ SX — )■ S(X/V") splits as 

SX ~ SVV S(X/1/), 

which is natural with respect to X. Using this splitting, the (almost) p-localization of SX is 
defined as 

SX(p) = SyvS(X/\/)(p). 

Proposition 5.5. If K has no ghost vertex and K^ is sequentially Cohen-Macaulay over Z(p), 
K is extractible over Z(p) . 

Proof. As is noted above, iJ*(-R"^; Z(p)) is a free Z(p)-module. Choose a basis x\,...,x\^ of 
Hi{K^\'L(^p-)). By Lemma 5.3, x\ involves a facet FI. Moreover, the modulo p reduction of 
Xi, . . . , x^. is a basis of Hi{K^] ^Iv)-, by normalizing x\ if necessary, we can choose F\ so that 
the coefficient of F\ is L Subtracting x\ from x\, . . . , x^., we may assume that x\, . . . , x^. do 
not involve F\. Then by induction, we see that for j = 1, . . . ,nj, x* involves a facet F* which 
is not involved in F^ for h ^ j and the coefficient of F| in x* is 1. 

Claim 5.6. F/, . . . , F"\ . . . , F{^, . . . , F^"^ are spanning facets of IC^ over'L^p^, where d = dim K. 

Proof. The second condition for spanning facets is obviously satisfied. Put F^-v to be the set 
of all Fj and A^v = K"^ \ U^er v ^- Then it remains to show that A^v is acyclic over Z(p). 
Since each F G F^v satisfies the second condition for spanning facets, we have 

l^"l/|Axv|= V ^"'' 
Fer^v 

and by the choice of x*, the pinch map jK^I — )■ |A'^|/|Aa'v| sends x* to a generator of 
Hi{S''] Z(p)) in homology. Then the Puppe exact sequence 

■ ■ ■ -^ if4|A;,v|; Z(p)) ^ i7,(|K^|; Z(p)) ^ i7,(|i^^|/|Axv|; Z(p)) -> ■ ■ • 
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shows that A^v is acychc over Z(p). 

As in the proof of Proposition 4.4, we have 



D 



{AK^r = KU U F\ hence |(A,^v)^|/|J^| = \J ^—1^1, 

where F^ = [m] \ F. Consider the edges F^ = [m] \ F of (Ay^v) for F G Ta-v with \F\ =m- 2. 
If two such edges have end points in the same component of K, we connect these ends by 
an edge path in K having no self-intersection and take one vertex from this path, where the 
connecting path is a single point if two ends coincide. Let Vk be the set of all these vertices 
and remaining ends of such edges. Then there is a one-to-one correspondence between Vk and 
the components of K, and we have constructed a tree Tk in KA^-v)^! whose vertex set is Vk- 
There is a homotopy commutative diagram of homotopy cofiber sequences 



(5.1) 



w, 



K\ 



\K\ 



4T, 



K 



^Tk/W 



K\ 



-^ \^Vk\ 



-.|(A 



K'- 



4|(Aa- 



li^l 



l&l 



\K\/\V, 



K\ 



\iAK^y\/TK > |(AA'v)^|/(|i^| U Tk) -^ S(|i^|/|V^,,|). 



Since Tk is contractible, a is a homotopy equivalence. Since KA^-v)^! is acyclic over Z(p), a and 



then a induces an isomorphism in homology with Z(p) coefficient. Then since |(Aa:v)^| 
Tk) is simply connected, we get a homotopy equivalence 

(5.2) \^K\<„^^ \/ 5™-l^lv 



lAlU 



(p) 



V 



nm-\F\ 



Fer^v 

\F\=m-2 



|F|<m-2 



We induct on m to prove Proposition 5.5. The case m = 1 is trivial. Suppose the case m — 1 

holds. By Lemma 5.2 and the induction hypothesis, dlK{v) is extractible for any vertex v. By 

Lemma 5.4, if Fi, . . . , F^ G F^rv involve a vertex v, d{xi)y, . . . , d{xr)v form a part of a basis 

of if*(lkA'v(t;); Z(p)), where Xi is a cycle corresponding to Fj. Then in the above way, we can 

choose spanning facets of IkK^^i^v) which include F\v for all F G r^v with v G F. Hence with 

these spanning facets, we have the homotopy commutative diagram (5.1) for lkA-v(t>)^ = d\K{v) 

which is compatible with that for K, so through the homotopy equivalence (5.2), the inclusion 

|SdlA:(f)|(p) — !■ |SJ'i'|(p) is identified with the wedge of the identity map of V^er^^v S'™"''^' and 

veF 
the constant map on the remaining wedge summand. It is now easy to construct the desired 

map, completing the proof. D 

The following theorem is an immediate consequence of Corollary 3.3 and Proposition 5.5. 

Theorem 5.7. Let K he a simplicial complex on the index set [m]. If K^ is sequentially 
Cohen- Macaulay and each X^ is a connected CW-complex, then for any prime p, there is a 
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p-local homotopy equivalence 

■^K — (p) '^^K ■ 

We want to integrate the p-local homotopy equivalences of Theorem 5.7. To this end, let us 
recall the result of McGibbon [M] on the relation between localization and co-H-structures. 

Proposition 5.8. Let X, Y be simply connected finite complexes. If X ~(p) Y for any prime p 
and Y is a co-H-space, X is also a co-H-space. 

Proof of Theorem 1.3. By Theorem 5.7, Z^ ~(p) yV^ for any prime p and W]^ is a suspen- 
sion. Since each Xi is a finite complex, so are Z^ and W]^ . Then by Proposition 5.8, Zj^ is 
a co-H-space. Therefore Theorem 1.3 follows from Corollary 2.6. D 

In order to prove Corollary 1.4, we prepare the following simple lemma. 

Lemma 5.9. Let X he a connected finite type CW-complex. If SX(p) has the homotopy type 
of a wedge of p-local spheres for any prime p, T,X itself has the homotopy type of a wedge of 
spheres. 

Proof. By assumption, HiiT.X-j'L) is a free abelian group of finite rank. Choose a basis 
x{, . . . ,x\. of Hi{X;Z). Using a p-local homotopy equivalence between EX and a wedge of 
spheres, we can easily construct a map p9^j : 5* — )■ SX(p) satisfying (p6'*)*(ni) = x* in homology 
with Z(p) coefficient for any i,j, where Ui is a generator of ifj(5'*;Z) = Z. Let {pi,P2, . . .} be 
the set of all primes with pi ^ p. It is well known that SX(p) is given as the homotopy colimit 
of the sequence 

/i lo Is Id 

where Ik = Pi- ■ -Pk and q : EX — ;• EX is the degree q map. By the compactness of S\ p9^j 
factors through the finite step of the above sequence. Then there is a map p^* : S** — > EX 
satisfying (p^*),,(nj) = pO^x* with p \ pa^j in the integral homology. Now we can choose primes 
qi, . . . ,qn such that ^^a*, . . . , g„a* are relatively prime. There are integers di, . . . ,dn such that 
diiq^a'j) + . . . + dniq„a'j) = 1 hence the map 

X] = d^O g^e] + ■ ■ ■ + dnO qj], 

satisfies (A*)*(mj) = x* in the integral homology, where the sum is defined by using the sus- 
pension comultiplication of EX. Thus the map Vj>i V^i ^] induces an isomorphism in the 
integral homology, and therefore the proof is completed by the J.H.C. Whitehead theorem. D 

Proof of Corollary I.4. By Theorem 1.3, there is a homotopy equivalence 

ZKiD^S})c^ V \^Kj\AS\'\, 

where we exclude the case / = since the corresponding wedge summand is a single point. By 
Lemma 5.2 and (5.2), E|Eii'/|(p) has the homotopy type of a wedge of p-local spheres for any 
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prime p and / C [m]. Then it follows from Lemma 5.9 that S|SfC/| has the homotopy type of 
a wedge of spheres for any I C [m] hence the result. D 
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